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PACS 71 . 35 . -y - Excitons and related phenomena 

PACS 03 . 75 . Hh - Static properties of condensates; thermodynamical, statistical and structural 
properties 

PACS 71.35.Lk - Collective effects (Bose effects, phase space filling, and excitonic phase transi- 
tions) 

Abstract. - We show that for the very same reason that excitons are bright, i.e. coupled to 
photons, they have a higher energy than dark excitons, even for electrons spatially separated from 
holes, such as in a double quantum well. Indeed, the same channel which produces the finite 
electron-hole effective overlap responsible for the absorption and emission of photon allows for 
Coulomb interband exchange processes, which are nothing but a sequence of virtual recombina- 
tion and creation of one electron-hole pair. Consequently, this additional repulsive electron-hole 
Coulomb exchange interaction exists for bright excitons, but not for dark excitons. If we now 
remember that dark excitons with spins ±2 are formed in a natural way through carrier exchange 
between two opposite spin bright excitons, we are led to predict that in a double quantum well 
sample with one trap - a configuration appropriate to get high density - exciton Bose-Einstein 
condensation should appear when cooling down the sample as a dark spot made of (±2) excitons 
at the center of the trap. 



Bose-Einstein condensation of boson-like particles is a 
fascinating quantum effect [1]. While easy to follow from 
textbook arguments, it is far harder to physically grasp 
that bosonic atoms with zero momentum are the ones 

■ which really condensed, since they are not so much differ- 
' ent in energy from the ones with small non-zero momen- 
tum for samples of macroscopic size. With respect to this 

\ point, it has been noted by Nozieres [2] and also by Leggett 

■ [3] that for elementary bosons, the non- fragmentation of 
Bose-Einstein condensate is greatly helped by interactions, 
always present in real experiments. Indeed, the possible 
exchange interactions between two indistinguishable sets 
of elementary bosons with momentum different but still 
close to zero, strongly increase their energy. Although the 
replacement of composite bosons by elementary bosons 
noticebly affects these exchanges, we have recently shown 
[4] that the same argument for the non-fragmentation of 
Bose-Einstein condensate also holds for composite bosons. 

Although counterintuitive, it is now clear that after 
many years of search, Bose-Einstein condensation (BEG) 



(a) E-mail: Monique . Combe scot (9 insp . jussieu . f r 
(^) E-mail: nileuenbe@mail.ucf.edu 



of boson-like particles is not a textbook effect anymore: it 
is commonly observed for a large variety of atoms [5-11] 
and molecules [12, 13], as seen from the exploding field of 
" cold quantum gases" . While semiconductor excitons have 
early appeared as good candidates to observe this conden- 
sation and a large amount of experimental work has been 
devoted to this observation [14-26,28,29], all claims for 
exciton BEG have been inconclusive [30]. One of the most 
puzzling phenomena so far is the observation of ring-like 
structures in the photoluminescence of indirect excitons 
containing a dark region [25,26]. 

Very recently, experimentalists have turned to polari- 
tons and demonstrated their BEG in semiconductor quan- 
tum well embedded inside a microcavity [31-34]. It was 
however argued that the observed coherence could be a 
bare lasing effect [35]. In more recent experiments, a trap 
is used by means of a rounded-tip pin and polaritons are 
produced by an incoherent source. They then move to the 
trap where they condensate, thus providing clearer evi- 
dence of polariton condensation [36] . 

Polaritons are quite complex composite bosons. This 
makes their interactions uneasy to handle [37]. Being 
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eigenstates of one photon strongly coupled to one exciton, 
polaritons are a linear combination of photon and exciton 
with prefactors depending on the polariton momentum. 
They thus partly are elementary boson - through their 
photon component - and composite boson - through their 
exciton component. It can then be argued that the photon 
part of these polaritons could greatly facilitate the conden- 
sation, k = polaritons having a quite large photon part 
which makes them very light. 

In contrast, excitons are composite bosons; far more 
similar to atoms than polaritons. Two puzzling ques- 
tions thus arise: Why has the exciton condensation not 
been observed yet? What is the dark region in the above- 
mentioned photoluminescence spectra [25,26]? Strangely 
enough, only last year we have most probably caught the 
point [27]. Excitons are created by photon absorption in 
states which are by construction bright. However, due 
to their composite nature, excitons not only interact by 
Coulomb processes but also by carrier exchanges. It be- 
comes immediately clear that a pair of bright excitons with 
opposite spins (+1,-1) can be transformed into a pair of 
dark excitons (+2,-2) by means of carrier exchange (see 
Fig. 1), possibly mixed with Coulomb interaction. 
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Fig. 1: Carrier exchange between two excitons which con- 
verts bright excitons into dark excitons. Solid lines: electrons, 
dashed lines: holes. 

Consequently, even if excitons are created in bright 
states, a similar amount of dark excitons are formed on 
a characteristic time determined by the inverse of the 
Coulomb exchange energy RxNicix/ L)^ ^ where N is the 
exciton number, R^ and ax are the exciton Rydberg and 
Bohr radius, L is the sample size, and D the space dimen- 
sion. Note that this time is also the characteristic time 
for reaching equilibrium among bright excitons, since the 
direct scattering of two excitons with close to momenta 
is essentially zero [46] . While bright and dark excitons are 
degenerate in energy if we only take into account Coulomb 
intraband direct processes, dark excitons become the ener- 
getically lowest states if Coulomb interband exchange pro- 
cesses are included, since spin conservation in the valence- 
conduction transition makes these processes possible for 
(0, ±1) excitons, but not for (±2) excitons. As Coulomb 
interband exchange interaction between valence and con- 
duction electrons is repulsive, dark excitons end up having 
a slightly smaller energy than bright excitons. Note that 
Coulomb intraband direct interaction between two elec- 
trons also is repulsive, but the one between a conduction 



electron and a valence electron absence, i.e. a hole, is at- 
tractive, this attraction leading to the binding of excitons. 
Indeed, for g 7^ 0, interband transition is governed by 

4,k+q«C,k'-q«^,k'ac,k = ^-k-q4'-q^-k'«k 

= 4'-q^-k'^-k-q«k, (1) 

while in the case of intraband transition, we do have 
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the conduction/valence and electron/hole operators being 
related by a 
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a]^ and a 



t 



We thus conclude that, if excitons have to condense, 
they must condense in dark states. Up to now, all ex- 
periments aiming at showing evidence for the conden- 
sation of excitons have made use of luminescence spec- 
troscopy. This actually is rather strange because the fact 
that dark excitons are lower in energy than bright excitons 
was widely known [39-44]. A possible reason for missing 
the point could be that the Shiva diagram for the carrier 
exchange shown in Fig. 1 never appeared in the litera- 
ture up to our works on composite exciton many-body 
effects [45,46], and therefore people may not have realized 
that these low energy dark excitons are present in their 
system, through whatever method they create excitons. 
It seems plausible that in the experiments performed in 
Refs. [25,26], the observed dark region inside the lumines- 
cent ring is in reality made of (±2) excitons. 

This very straightforward remark about carrier ex- 
change between bright states sheds new light on the whole 
field of exciton Bose-Einstein condensation. A major prob- 
lem still remains: If the exciton condensate is dark, how 
can we "see" it? An idea is to use a trap because if the 
condensate has to be formed, it is going for sure to con- 
dense in the lowest level of the trap. Since trap levels 
usually have different spatial extensions, we thus expect 
the center of the trap to appear dark when condensation 
takes place. 

We can first think of a trap in a single quantum well. 
However, in order to have a long exciton lifetime, as nec- 
essary to reach a density high enough for BEC at tem- 
peratures possibly obtained in photoexcited exciton gas, 
a double quantum well, with electrons and holes spatially 
separated, seems more appropriate than a single quantum 
well. Since the standard interband Coulomb exchange ma- 
trix element, which makes bright states lie energetically 
above dark states, contains the product of electron and 
hole wavefunctions, it becomes crucial to base our argu- 
ment on more general grounds, in order to possibly claim 
that, even in the absence of apparent electron- hole spatial 
overlap, excitons should condense in dark states not only 
for a single but also for a double quantum well, in which 
electrons and holes are separated from each other. 

We now develop this general argument. It shows that 
for the very same reason that excitons are bright, their 
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(a) Photon absorption 
1 




(b) Photon emission 
1 1 3 
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(c) Photon absorption 




m,^ =±- 



(d) Photon emission 



Fig. 2: Photon absorption (a) and emission (b): Spin is con- 
served in the valence-conduction transition. In (c), one photon 
plus one valence electron gives one conduction electron, while in 
(d) , one conduction electron gives one photon plus one valence 
electron, the electron angular momenta being rrij = rris + mi. 



energy is higher than the dark exciton energy. For that, let 
us first come back to the reason for which (±1,0) excitons 
are bright, the link with interband Coulomb processes then 
becoming transparent. 

The angular momentum selection rule for the absorp- 
tion and emission of one photon leading to the valence- 
conduction transitions shown in Figs. 2(a) and 2(b) are 
due to spin conservation. In the case of absorption, 
the electron changes its orbital angular momentum from 
(/ = 1, m^ = —1, 0, 1) to (/ = 0, m^ = 0) while keeping its 
spin rus = il/2; so that, in terms of valence-conduction 
electrons, this transition is associated with the diagram 
of Fig. 2(c), the total electron angular momentum pro- 
jected on the axis perpendicular to the quantum well be- 
ing ruj = mi -\- rris] and similarly for photon emission 
shown in Fig. 2(d). We can now change from conduction- 
valence electron to electron-hole description, as shown in 
Figs. 3(a) and 3(b), the hole angular momentum being 
^jTi = —rrijy. This readily shows that the electron- hole 
pair generated by one photon has a total angular momen- 
tum Mjeh = 'TUje + rrijh = (±1,0), which correspond to 
transitions possibly induced by (cr±,7r) photons, respec- 
tively. In the same way, the conduction- valence transition 
shown in Fig. 2(d) corresponds to the annihilation of one 
electron- hole pair (see Fig. 3(b)), again having a total an- 



gular momentum Mjeh 



m 



je 



rrijh = (±1,0), and thus 



also coupled to {a±^ tt) photons. This allows us to recover 
the well-known fact that creation or annihilation of one 
electron- hole pair (±1,0) in semiconductors is associated 
to the absorption or emission of one photon. 

Let us now consider the Coulomb interband exchange 
interaction shown in Figs. 4(a) or 4(b), in which one con- 
duction electron in state ci goes to the valence band in 
state vi , while one valence electron in state V2 goes to the 
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(a) Photon absorption 



(b) Photon emission 



Fig. 3: Same as diagrams of Figs. 2(c) and 2(d), respectively, 
in terms of electron and hole, with nije — nijc, while nijh — 
—nijv We see that the electron- hole pairs which are created or 
recombine, i.e. the pairs which are bright, have a total angular 
momentum (±1,0). 



conduction band in state C2. By rewriting the diagram 
4(c) in terms of electron and hole as in 4(d), it becomes 
obvious that this valence-conduction Coulomb exchange 
process is just the succession of emission and absorption 
of one virtual photon, a fact well known in relativistic 
quantum field theory [47]. The relativistic counterpart of 
the diagram shown in Fig. 4(b) is called the Bhabha ex- 
change scattering in the valence-conduction electron pic- 
ture, which corresponds to the M0ller exchange scattering 
between two electrons. In the electron-hole picture, this 
Coulomb exchange interaction corresponds to the Bhabha 
annihilation scattering [47], which has the opposite sign 
of the direct scattering and is therefore repulsive between 
electrons and holes. From the above argument, we thus 
conclude that interband Coulomb exchanges only exist for 
excitons made of (±1, 0) electron-hole pairs, those excitons 
coupled to photons being thus bright. 

Coulomb interaction also contains intraband direct pro- 
cesses (Fig. 5(a)) between one conduction and one valence 
electron (Fig. 5(b)), or equivalently between one electron 
and one hole (Fig. 5(c)). When repeated, we get the set of 
ladder processes for electron- hole pair shown in Fig. 5(d), 
which is responsible for the formation of excitons [38] . The 
corresponding sum leads to the exciton energy spectrum 
which, for these intraband Coulomb processes, does not 
depend on electron and hole spin. At this level, bright 
excitons (±1,0) and dark excitons (±2) would be degen- 
erate. 

If we now remember that bright excitons (±1,0) can also 
undergo Coulomb interband exchange processes, we must 
for these excitons add the diagram of Fig. 6. As the inter- 
band Coulomb exchange interaction is repulsive and obeys 
the above-mentioned selection rules for the production of a 
virtual photon, we readily conclude that additional contri- 
butions like the one of Fig. 6 push bright excitons up in en- 
ergy as opposed to dark exciton states, which do not have 
these interband processes. Since this argument makes only 
use of the fact that in valence-conduction transition, the 
electron keeps its spin, it is thus valid for any spatial con- 
figuration, i.e. for single or double quantum well as well 
as for sample under stress, such as in the case of a trap 
made by a pin. 

It can be argued that the matrix element for interband 
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(a) Interband Coulomb ex- 
change 



(b) Valence-conduction 

exchange diagram 




(c) Rearranging the exchange diagram (b) 
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(d) Exchange diagram with electron-hole 
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Fig. 4: Interband Coulomb exchange interaction which shifts 
the bright exciton energy above the dark exciton energy. Tran- 
sition process either in terms of valence-conduction electrons 
(b) and (c), or in terms of electron-hole (d). When compared 
to Fig. 2, we readily see that this interband Coulomb process 
is nothing but an exchange of virtual photon between electron- 
hole pairs. 



Coulomb process generated by the standard second quan- 
tization procedure reads in terms of integral in which the 
wave functions of "in" and "out" electron states appear 
as a product. In a double well configuration, we could 
naively conclude that this product reduces to zero, elec- 
trons being in one well and holes in the other well. How- 
ever, while a similar second quantization procedure makes 
the same wavefunction product enter the matrix element 
appearing in the semiconductor-photon interaction, we 
do see bright excitons in a double quantum well. This 
proves that in a double quantum well an indirect channel 
must exist which leads to a non-zero effective overlap be- 
tween electron and hole wavefunctions, as necessary to ob- 
serve exciton photoluminescence through recombination of 
electron-hole pairs. The same channel then produces the 
non-zero Coulomb interband exchange interaction which 
pushes bright exciton above dark exciton states. It is how- 
ever clear that this effective overlap is going to be much 
smaller for a double quantum well than for the direct over- 
lap which exists for a single quantum well. This reduction, 
which actually is the reason for having an increased exci- 
ton lifetime compared to a single quantum well, makes the 



bright-dark exciton splitting reduced for a double quan- 
tum well. This reduction, obviously dependent on the well 
at hand, is clearly quite difficult to calculate precisely. For- 
tunately, its precise value is unimportant for dark exciton 
BEC since it is not the size of the energy splitting which 
produces Bose-Einstein condensation, a fact evidenced by 
the condensation of /c = bosonic atoms, extremely close 
in energy to those with momentum 2tt/L for large sample 
size L. 
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(a) Coulomb intraband in- 
teraction 



(b) direct interaction 

with valence-conduction 
electrons 




(c) direct interaction with (d) exciton ladder processes 

electron-hole 

Fig. 5: (a) Coulomb intraband interaction: (b) one conduction 
electron goes from a to C2, while one valence electron goes 
from vi to V2, or equivalently, (c) one hole goes the other way 
from V2 to vi . (d) Set of ladder diagrams between one electron 
and one hole, leading to exciton. 

The above discussion leads us to conclude that just be- 
cause (0, ±1) excitons are bright, i.e. coupled to pho- 
tons, they have a higher energy than (±2) dark excitons, 
whatever the electron- hole spatial configuration is. Con- 
sequently, even if the bright/dark exciton splitting is de- 
creased in a double quantum well structure - for the same 
reason that the bright exciton lifetime is increased - Bose- 
Einstein condensates of excitons have to be made out of 
dark states in double quantum wells, too. Exciton BEC 
can then be evidenced as the appearance of a dark spot at 
the center of a trap, when single or double quantum well 
samples are cooled down. 

Let us note that in the Coulomb exchange scatter- 
ing which transforms two bright excitons (+1,-1) into 
two dark excitons (+2,-2), energy must be conserved. 
Since bright excitons are above in energy, this means that, 
for bright excitons with close to zero momentum, as ob- 
tained by photon absorption, the resulting dark excitons 
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Fig. 6: Interband Coulomb exchange interaction between elec- 
tron and hole pushing bright excitons (±1,0) above dark exci- 
tons (±2). 



have momenta (+Q*, -Q*) with Q* V2Mx = ^+i - £^+2- 
These dark excitons can then lose their magic momen- 
tum Q* through similar Coulomb exchange scatterings 
but with same spin dark excitons, so that they stay dark. 
Through these scatterings, some of them end by having 
Q = momentum to possibly condense. 

With respect to the optically observed polariton BEC 
we can say that, since photons get trapped inside the cav- 
ity and interact strongly with bright excitons, the new 
particle made of a superposition of photon and bright ex- 
citon, i.e. the polariton, has a lower branch in the disper- 
sion that lies below the dark exciton state. At k = the 
photonic component of the polariton is very strong, which 
makes the polariton very light. BEC then takes place for 
k = polaritons in the lower branch. 

We can also try to understand the ring structure ob- 
served in photoluminescence experiments [25, 26] within 
the same dark exciton framework. One key can be that 
carrier exchange transforms pairs of bright excitons with 
spins (+1,-1) into pairs of dark excitons with spins (+2,- 
2). In GaAs quantum wells, the bright-dark splitting is of 
the order of 0.1 meV [43], which corresponds to about 1 K. 
For double quantum well with electrons and holes spatially 
separated, we expect a far shorter exchange splitting, of 
the order of 1 fieV or less [41]. Such a small splitting is 
not a problem for having dark exciton BEC because con- 
densation can take place even for a very small splitting, 
as evidenced by BEC of k = atoms or k = polaritons 
in macroscopic samples. 

When the temperature is low enough and the density 
high enough, k = dark excitons are in fact locked in a 
dark condensate, being prevented from transforming back 
into bright excitons due to quantum effects, i.e. lack of 
available state population at the temperature of the ex- 
periment. In the absence of trap, these dark excitons can 
however move radially away from the bright pump spot 
where they are created by carrier exchange, their density 
gradually decreasing. At a critical density, the one pre- 
sumably reached at the outer ring radius, the dark exci- 
ton condensate must evaporate, unlocking excitons to be 
transformed back into bright states. This could be an ex- 
planation for the observed luminescent outer ring. Since 
the motion of the dark BEC must be coherent, the fluc- 
tuations of the radius of the outer ring has to be very 
small. This density argument used for the appearence of 



the ring is also consistent with the experimental observa- 
tion of the merging of two rings in the case of two pump 
spots [30]. The appearance of luminescent spots inside 
the ring clearly needs some additional effect. While a reg- 
ular distribution of spots would push toward a diffraction- 
like pattern, less regular positions could be interpreted as 
being due to inhomogeneities of the quantum well width 
acting as tiny traps: a single monolayer change induces 
an energy difference of the order of 1 meV, which is large 
compared to the dark-bright exciton energy splitting. If 
the lateral size of the confinement in these traps is much 
smaller than the exciton Bohr radius a^^, the Coulomb in- 
teraction is negligible compared to confinement, thus lead- 
ing to degeneracy between bright and dark excitons. In 
addition, these trapped excitons are decoupled from the 
condensate. Therefore, they can recombine, which could 
explain the observed bright spots. 

In conclusion, by just using the fact that electrons keep 
their spin in Coulomb process, we recover the fact that 
interband Coulomb exchange interaction is nothing but a 
sequence of emission and absorption of one virtual pho- 
ton. This repulsive Coulomb process thus pushes excitons 
coupled to photons, i.e. bright excitons, above dark exci- 
tons, whatever the electron-hole spatial configuration is. 
Consequently, excitons should condense in dark states for 
a single as well as a double quantum well, i.e. for a struc- 
ture having a long exciton lifetime: This dark condensate 
can actually form for arbitrary but finite dark-bright ex- 
citon splitting. If a trap is to be made in these wells, we 
thus predict exciton BEC to appear as a dark spot at the 
trap center. The bright ring observed in photolumines- 
cence experiments could also be explained along the same 
idea, although the observed bright spots inside the ring 
need some mixed effects. 
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